Mathematica 11.3 Integration Test Results

Test results for the 34 problemsin "1.1.1.5 P(x) (a+b x)*m (c+d
X)"n.m"

Problem 25: Result more than twice size of optimal antiderivative.

J(a+bx)3 (c+dx)" (A+Bx+Cx2+Dx3) dx

Optimal (type 3, 455leaves, 2 steps):

(bcfad>3(czcdecd2+Ad37c3D> (c+dx)1*” 1
d’ (1+n) d’ (2+n)
(bc-ad)? (ad(2cCd-Bd?-3c?D) -b (5c¢*Cd-4Bcd?+3Ad>-6c®D)) (c+dx)*"-
(bc—ad)
d’ (3+n)
(a?d*> (Cd-3cD) -abd (8cCd-3Bd*-15c’D) +b® (10c*Cd-6Bcd*+3Ad>-15cD))
(crdx)>Ms ! (a®d>D+3a’bd? (Cd-4cD) -
d’ (4 +n)

3ab2d(4ch—Bd2-1ec2D)+b3 (10c2Cd-4Bcd2+Ad3—20c3D)) (c+dx)4*”+

! b (3a®d?’D+3abd (Cd-5cD) -b? (5¢Cd-Bd?-15¢2D)) (c+dx)>"+
d” (5+n)
b2 (bCd-6bcD+3adD) (c+dx)*" b*D (c+dx)’"

+

d’” (6 +n) d’ (7 +n)

Result (type 3, 977 leaves):
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1
d” (1+n) (2+n) (3+n) (4+n) (5+n) (6+n) (7+n)
(c+dx)1*” (a®d® (210 +107n+18n?+n?) (-6c>D+2c*d (C (4+n) +3D (1+n) x) -
cd® (B (12+7n+n?) + (1+n) x (2C (4+n) +3D (2+n) x)) +d’
(A(24+26n+9n2+n3)+(1+n)x(B(12+7n+n2)+(2+n)x(C (4+n)+D<3+n)x))))+
3a’bd* (42+13n+n?) (24c*D-6c>d (C(5+n) +4D (1+n) x] +
2c?d? (B(20+9n+n*) +3 (1+n) x (C(5+n)+2D (2+n) x)) -
cd? (A(60+47n+12n2+n3)+<1+n>x(28<20+9n+n2)+
(2+n) x (3C(5+n) +4D (3+n)x))) +d* (1+n)x (A (60+47n+12n*+n?) +
(2+n) x (B(20+9n+n?) + (3+n) x (C(5+n) +D (4+n) x))))+
3ab’d (7+n) (-120c°D+24c*d (C(6+n) +5D (1+n) x) -
6c>d? (B(30+11n+n®) +2 (1+n) x (2C (6+n) +5D (2+n) x)) +
2c*d® (A (120+74n+15n%+n?) +
(1+n) x (3B (30+11n+n?) +2 (2+n) x (3C (6+n) +5D (3+n) x))) -
cd® (1+n) x (2A (120+74n+15n%+n?) + (2+n) x (3B (30+11n+n?) +
(3+n) x (4C (6+n) +5D (4+n) x) )} +d® (2+3n+n*) x*> (A (120+74n+15n*+n’) +
(3+n)x (B(30+11n+n?) + (4+n) x (C(6+n) +D (5+n) x)))) +
b*> (720c®D-120c>d (C (7+n) +6D (1+n) x) +24c*d* (B (42+13n+n?) +
5(1+n)x (C(7+n)+3D(2+n)x))-6c>d® (A (210+107n+18n*+n?) +
2(1+n)x (2B (42+13n+n?) +5(2+n) x (C(7+n) +2D (3+n)x)}))+
2c?d* (1+n) x (3A(210+107n+18n%+n?) + (2+n) x
(6B (42+13n+n?) +5 (3+n)x (2C (7+n) +3D (4+n) X)) -
cd® (2+3n+n?) x* (3A (210 +107n+18n*+n’) + (3+n) x
(4B (42+13n+n?) + (4+n) x (5C(7+n) +6D (5+n) x))) +
d® (6+11n+6n*+n’) x> (A (21@+107n+18n?+n’) +
(4+n) x (B (42+13n+n*) + (5+n) X (C(7+n) +D (6+n)x)))))

Problem 29: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

(c+dx)" (A+Bx+Cx?+Dx3)
J dx

a+bx
Optimal (type 5, 203 leaves, 3 steps):
(a?d?D-abd (Cd-cD) -b? (cCd-Bd2-c?D)) (c+dx)*"

+

b3 d3 (1+n)
(bCd-2bcD-adD) (c+dx)2+" D(c+dx)3+"
N _
bz d* (2 +n) bd? (3+n)
b d
(Ab*-a (b?B-abC+a’D)) (c+dx)*"Hypergeometric2F1[1, 1+n, 2+n, b(CJr;()] /
c-a

(b* (bc-ad) (1+n))

Result (type 6, 414 leaves):
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1 n ) dx b x
— (c+dx) (18chxAppellFl[Z,—n,1,3,—f,—f})/
12 C a
d x b x
((a+bx) (BacAppellFl[Z, -n, 1,3, -—, -— | +adnx
c a
dx b x dx b x
AppellF1[3,1-n, 1,4, -—, - — | -bcxAppellF1(3, -n, 2,4, - —, - — || +
c a c a
3 d x b x
(16ach AppellF1[3, -n, 1,4, - —, - —| /((a+bx)
c a
d x b x d x b x
[4acAppe11F1[3, -n, 1,4, -—, -—] +adnxAppellfFi[4,1-n, 1,5, - —, - —] -
c a c a
d x b x
bcxAppellFl[4, -n, 2,5, - —, - —] ) +
c a
“ dx b x
(15acDx AppellF1[4, -n, 1,5, - —, - —] /
c a
dx b x
[(a+bx) (5acAppe11F1[4, -n, 1,5, -—, -—] +adnx
c a
d x b x dx b x
AppellF1[5,1-n, 1,6, -—, - — | -bcxAppellF1[5, -n, 2,6, - —, - —] || -
c a c a

bc-ad

12A (c+dx) Hypergeometric2F1[1, 1+n, 2+n, b(exdx) ] J

(bc-ad) (1+n)

Problem 30: Unable to integrate problem.

(c+dx)“ (A+Bx+Cx2+Dx3)
J dx

(a+bx>2

Optimal (type 5, 220 leaves, 4 steps):

(bCd-bcp-2adp] [cedx)tn (A= S0 (crdx) ™™ 5 o gy
- + +
b*d? (1+n) (bc-ad) (a+bx] b2d? (2+n)

[h3dD(3+n)b3(Bc+Adn)+ab2(2cC+Bd(1+n))azb(BcD+Cd(2+n)H

b (C+dx>

(c+dx
bc-ad

) ¥*" Hypergeometric2F1[1, 1+n, 2 +n,

] /(b3 (bc-ad)? (1+n))

Result (type 8, 32leaves):

(c+dx)“ (A+Bx+Cx2+Dx3)
J dx

(a+bx)2

Problem 31: Unable to integrate problem.

(c+dx)" (A+Bx+Cx2+Dx3)
J dx

(a+bx)3
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Optimal (type 5, 329 leaves, 4 steps):

D(c+dx)1+” (Ab3—a(sz—abC+a2D))(c+dx)1*”

b*d (1+n] 2b% (bc-ad) (a+bx)? _

((b3 (2Bc-Ad (1-n))-a’dD (5+n) -ab*(4cC+Bd (1+n)) +a’b (6cD+Cd (3+n)))

(c+dx)1*")/(2b3 (bc—ad)2 (a+bx)) -

[(b3 (2c2C+2Bcdn—Ad2 (1-n) n)-a3d20(6+5n+n2)+a2bd (2+n) (6cD+Cd(1+n))-

ab? <6c2D+4ch (1+n) +Bd?n (1+n))) (c+dx)1+”

b (crdx), /(26 (be-aa)? (14n)]

Hypergeometric2F1 [1, 1+n, 2+n,
bc-ad

Result (type 8, 32leaves):

J<C+dx)n <A+BX+CX2+DX3)
(a+bx>3

dx

Problem 32: Result unnecessarily involves higher level functions.

J(a+bx)m (A+Bx) (c+dx)"dx

Optimal (type 5, 141 leaves, 3 steps):
B (a+bx)1”" (c+dx>1*”

+

bd(2+m+n)
b d -n
(Abd (2+men) B (be (1om) +ad (1on))) (asbx)® (codx)” [21079%)
bc-ad
d b
Hypergeometric2F1[1+m, -n, 2 +m, —%} /(bzd (1+m) (2+m+n))
c-a
Result (type 6, 202 leaves):
(a+bx)" (c+dx)" [BchszppellFl[Z, -m, -n, 3,—b—x,—d—x]/
a C

b x d x b x dx
(GacAppellFl[z, -m, -n, 3, -—, -— | +2bcmxAppellF1[3, 1-m, -n, 4, - —, - — | +

a c a C
b x d x 1
2adnxAppellF1[3, -m, 1-n, 4, - —, - —] | +
a c d(1+n)
d{a+bx)\™" b (c+dx)
Al ———— (c+dx) Hyper‘geometr‘icZFl[—m, 1+n,2+n, —————
-bc+ad bc-ad

Problem 33: Result unnecessarily involves higher level functions.

J(a+bx)m (c+dx)" (A+Bx+Cx*) dx
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Optimal (type 5, 268 leaves, 4 steps):

—(((acd (4+m+2n) +b (cC(2+m)-Bd (3+m+n))) (a+bx)™" (c+dx)1+n)/

Clasbx)*" (cedx)™"
(bde <2+m+n) (3+m+n)))+ ( b2d><3+£n+n) )

((d (2+m+n) (abcC(2+m) +a*Cd (1+n) -Ab*d (3+m+n)) -

(bc(1+m)+ad(1+n)) (aCd(4+m+2n)+b (cC(2+m)-Bd (3+m+n)))) (a+bx)""

(c+dx)" M*“ /

d (a +b X)
Hypergeometric2F1[1+m, -n, 2+m, - ————|
bc-ad

bc-ad
(b3d2 <1+m) (2+m+n) (3+m+n>)

Result (type 6, 327 leaves):

1 (a+bx)™ (c+dx)"

9aBcx?Appell -m, - Jbx o odx
ppe F1[2, m, -n, 3, ]

)/
3 a C
b x d x b x d x
(6acAppellF1[2, -m, -n, 3,—*,—f]+2bcmxAppellF1[3,1—m,—n, 4,—*,7—}+
a c a C
b x d x
2adnxAppellF1[3, -m,1-n,4, - —, —f] +
a C
3 bx dx
(4ach AppellF1[3, -m, -n, 4, - —, —f] /
a C
b x d x b x d x
[4acAppellF1[3, -m, -n, 4, - —, —f] +bcmxAppe11F1[4, 1-m, -n, 5, -—, ——] +
a C a C
b x d x 1
adnxAppellF1[4, -m, 1-n, 5, - —, - — || +
a c d(1+n)
d{a+bx)\™" b (c+dx)
3A|—————-| (c+dx) Hypergeometric2F1[-m, 1+n, 2+n, ————|
-bc+ad bc-ad

Problem 34: Result unnecessarily involves higher level functions.

J(a+bx)m (c+dx)n (A+Bx+Cx2+Dx3> dx

Optimal (type 5, 610leaves, 5steps):
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((azdzD(m2+m(8+3n)+3<6+5n+n2))+
b> (c*D (6+5m+m”) —cCd (2+m) (4+m+n) +Bd* (12+m*+7n+n®+m (7+2n))) +
abd(cD(2+m) (6+m+3n)-Cd (m*+m (8+3n)+2(8+6n+n’))))

(a+bx)™" (c+dx)™™") /(6> (2+m+n) (3+msn) (4+men)) -
((adD (9+2m+3n) +b (cD (3+m) -Cd (4+m+n))) (a+bx)*" (c+dx)"| /
D(a+bx)3*m (c+dx)1+"

b3>d (4+m+n)

(b3d2<3+m+n) (4+m+n))+ +

1

b* d3 (1+m) (2+m+n) (3+m+n) (4+m+n)
(d(2+m+n) (a>d*D (1+n) (6+m+2n) +ab’c (2+m) (cD (3+m)-Cd (4+m+n))+Ab>d?
(12+m?>+7n+n?+m (7+2n)) -a’bd (Cd (1+n) (4+m+n) -cD (2+m) (6+m+3n))) -
(bc(1+m)+ad(1+n)) (a*>d*D (m*+m (8+3n) +3 (6+5n+n?)) +
b> (¢*D (6+5m+m*) —cCd (2+m) (4+m+n) +Bd* (12+m*+7n+n®+m (7+2n))) +
abd(cD(2+m) (6+m+3n)-Cd (m>+m (8+3n)+2(8+6n+n*)))))

bc+dx) )™ d(a+bx
(a+bx)™™ (c+dx)" blerdx) Hypergeometric2F1[1+m, -n, 2 +m, ——( ) ]
bc-ad bc-ad
Result (type 6, 446 leaves):
1 bx dx
— (a+bx)" (c+dx)" (18chx2AppellF1[2, -m, -n, 3, - —, - —] /
12 a C
b x d x b x d x
(3acAppe11F1[2, -m, -n, 3, -—, -—| +bcmxAppellF1[3, 1-m, -n, 4, - —, - — | +
a c a c
b x d x
adnxAppellF1[3, -m, 1-n,4, -—, - — || +
a c
3 b x d x
(16ach AppellF1([3, -m, -n, 4, - —, - —| /
a c
b x d x b x dx
(4acAppe11F1[3, -m, -n, 4, - —, _7] +bcmxAppe11F1[4, i-m, -n, 5, -—, _—} n
a c a c
b x d x
adnxAppe11F1[4, -my1-n,5, -—, _—} +
a c
4 b x dx
(15acDx AppellF1[4, -m, -n, 5, - —, 7—] /
a c
b x d x b x dx
(5acAppellF1[4, -m, -n, 5, - —, 77] +bcmxAppe11F1[5, 1-m, -n, 6, -—, 7—} i
a c a c
b x d x 1
adnxAppellF1[5, -m, 1-n, 6, - —, - — | | +
a c d(1+n)
d(a+bx) )™ b (c+dx)
12A|———*| (c+dx) Hypergeometric2F1[-m, 1+n, 2+n, ——— |
-bc+ad bc-ad
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Summary of Integration Test Results

34 integration problems

A - 27 optimal antiderivatives

B - 1 more than twice size of optimal antiderivatives
C - 4 unnecessarily complex antiderivatives

D - 2 unable tointegrate problems

E - Ointegration timeouts



